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Abstract 
Ozis, T., An efficient approach to the solution of the two-dimensional electrochemical machining problem, 
Journal of Computational and Applied Mathematics 36 (1991) 239-246. 
A numerical procedure for calculating the solution of the two-dimensional time-dependent electrochemical 
machining moving boundary problem is derived by using Boadway’s transformation. The results are compared 
with those earlier obtained by other authors. 
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1. Introduction 
Electrochemical machining (ECM) is a technological process in which a workpiece is placed as 
the anode in an electrolytic cell with a properly shaped cathodic tool so that a desired shape of 
the anodic workpiece is obtained by the electrochemical process. The passage of current causes 
metal to be dissolved from the surface of the anode, which is therefore a moving boundary. This 
is basically a one-phase problem, since the differential equation is trivially satisfied in the other 
phase. A detailed account of the physical theory of the problem, the methods and its practical 
implementations is given in [7]. 
Several authors have studied a quasi-steady mathematical model in which the electrodes are 
assumed to be equipotential surfaces and the electrolyte to be homogeneous and isotropic with 
constant conductivity. Hougaard [6] gave references to pioneer papers and formulated two-di- 
mensional problems on the complex-potential plane. The two-dimensional annular problem of 
shaping a cylindrical anode by placing it inside a long cylindrical cathode has been treated by 
Christiansen and Rasmussen [2] and they formulated the problem as an integral equation of the 
first kind. Hansen and Holm [5] used an integral equation of the second kind for a similar 
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problem. Meyer [8] applied his method of lines to the Poisson equation with electrochemical 
machining as an example. Crowley [3] used an enthalpy-type formulation on a fixed domain and 
Elliott [4] proposed and studied an elliptic variational inequality formulation for this problem. 
In this note, the two-dimensional annular electrochemical machining problem is taken as a test 
problem and for the solution technique the movement of the anode has been tracked along the 
fixed radial lines, i.e., 8 = constant in the cylindrical coordinates system (r, 6) by the use of 
Boadway’s transformation [l]. As the movement is always along the fixed lines, the present 
procedure becomes computationally more economical on this specific problem in comparison to 
its predecessors. 
2. Mathematical statement of the problem 
The method is described and tested in connection with the electrochemical machining problem 
where the outer electrode completely surrounds the inner electrode, as shown in Fig. 1. 
The space between the electrodes is filled with an appropriate electrolyte. A voltage u is 
placed across the electrodes and this causes a removal of material from the anode. The outer 
electrode, the cathode, will be supposed to be a circular cylinder of radius, say, r and the inner 
one, the anode, will be taken to be only slightly different from a circular cylinder for which the 
axis coincides with that of the cathode. 
An approximate quasi-steady model for the process consists of a boundary value problem for 
the potential between the electrodes and an equation relating the change of the anode surface to 
the normal gradient of potential at the anode surface. 
In the quasi-steady model we use, it can be supposed that the differential equation in the 
electrolyte is 
v2u = 0, (I) 
Fig. 1. Sketch showing the configuration of the electrolytic cell in the electrochemical machining problem. 
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where u is the electric potential, with boundary conditions 
u= -u<o 
on the cathode r = a, and 
U=O 
@a) 
(2b) 
at the anode s( r, t) = 0. The second condition on the anode governs the change with respect to 
time of the anode surface and can be approximated by 
ME= -VU V.s ons(r, t)=O, M>O, (24 
where M is the electrochemical machining constant. If e and p are the electrochemical 
equivalent and density, respectively, of the anode metal and u is the conductivity of the 
electrolyte, the machining constant is given by 
Thus, we have a one-phase problem with an elliptic governing equation and a Stefan-type 
boundary condition with nonzero latent heat. 
3. Transformation of equations 
For the geometries of the problems which involve circular boundaries and the symmetry, it is 
more convenient to work in polar coordinates than Cartesian coordinates, because they avoid the 
use of awkward differentiation formulae near the curved boundary. 
Therefore, we require the solution of the equation 
1 1 
u,,+ ru,+ yues=O in D, 
r (3) 
where D is the domain bounded by r = a, constant on which u = -v and by the moving 
interface defined as r = s( 0, t) on which u = 0, for 0 6 8 < ir. Also due to various symmetries 
the additional conditions to be satisfied are 
u,=O at 0=Oand 0=+7. (4 
Boadway’s transformation [l] of u(r, 19) to r( u, 13) renders the potential equation (3) to the 
following form: 
r2(-$)+r(&)‘+~(.$&_&L)-$ 
i 
ar a2r ar a2r -- 
ae au2 -aurn =O. i 
(5) 
However, the moving boundary condition on the anode must be transformed into an expression 
for the speed of the anode along each ray. Therefore, if r is the dimensionless position vector for 
the anode surface, then 
& as as ae as as 1 au _=_ 
at at +Jpg=at+T@--. s2 ae 
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It is convenient to replace au/M in terms of au/i!Ir. Since the tangential derivative vanishes on 
the anode, we can write 
au as au ___.__=-_- 
a8 ae ar 7 
so that the gradient condition on the surface leads to 
~=(l+(fg)p 
(Meyer [8] used the simplified condition as/at = au/h-.) 
(6) 
4. Discretization of equations and the solution procedure 
For a numerical solution, the transformed potential equation (5) may be discretized to yield 
(r;.i)’ 
i 
_ r;+1.j -i’Q,;: ‘;-I,/ ) + r,.i( 1;+1.;-$-1.j) 
ri+l j-'i-1 j 
t 
ri j+l 
-r. 
+ ,26u ’ - 
1.1-l ‘i+l,j+l - r,_, ,+I -ri+l j-l + ‘i-l,j-1 
268 4ause ’ 
rj+l j - ri-1 j r, j+l - 2ri j + ri,j-l 
‘2624 
. 3 
(se‘)’ 
- 
‘i+l J - ri-l j ri+i j+l - ri+l,j-l - ‘i-l,j+i + ‘i-l,j-1 
- 
‘26u ’ ’ 
= 
488th 0. (7) 
Similarly, the moving boundary condition given by (6) can also be discretized explicitly to give 
k+l _ 
‘Nj (8) 
where r,” j is the k th time step value of rN j. 
Hence; the system comprises of the solutions of discretized nonlinear equations. The moving 
boundary equation (8), however, can easily be solved by an explicit method. But, the discretized 
nonlinear potential equation (7) needs rearranging in such a way that it can be solved by any 
nonlinear equation solver for a given iteration step. To do so, we express the equation to give a 
quadratic in the form of 
_ A(ril,)(rj~~‘)2+B(rj”j)rj:f1 + C(riyj) =O, (9) 
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where 
(94 
(9b) 
i 
+ rjYl,j-l 
- 
i 
> 
(9c) 
and riyj is the n th iteration step value of rj,j. 
If the values of r;, j’s are all known in a previous iteration step, (9) can easily be solved 
numerically, for example, by the regula-falsi method. Then, inserting the newly found values of 
r, j’s into the variable coefficients A( ri,j), B( rjj) and C( r,. i), we resolve the quadratic equation 
(9) for new r, J values and continue this process until satisfactory results are obtained for all 
r, j’s. 
Algorithm. To complete the numerical procedure, 
algorithm stated below. 
the test problem can easily be solved by the 
(i) Solve the classical mixed boundary value problem given by (9) and relevant boundary 
conditions as the anode treated as a fixed surface; 
(ii) use (8) to determine a new anode surface which becomes the fixed boundary in the next 
time step; 
(iii) go to step (i). 
5. Numerical results and discussion 
In order to evaluate the numerical solution of the problem given in Section 2, we cover the 
solution domain with the regular mesh points on the (u, 8)-plane by the points of intersection of 
the circles ui = u0 + iSu, i = 0,. . . , N, and the straight lines ej = 0, +jM, j = 0,. . . , M, S,, = 0, 
e, = $T. 
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Table 1 
Comparison of results for elliptic anode inside circular cathode 
Time Present 
solution 
Crowley [ 31 
Sr = 0.0625, 
68 = $r, St = 0.01 
Christiansen 
and 
Rasmussen [2], 
2N=48 
Rasmussen 
and 
Christiansen [2], 
2N=48 
Elliott [4], 
Sr = 0.125, 
0=&71 
Average radius 
0.0 9.25 
0.5 8.720 
1.0 8.337 
1.5 8.034 
2.0 7.766 
2.5 7.527 
3.0 _ 
3.5 _ 
Amplitude of oscillation 
0.0 0.25 
0.5 0.155 
1.0 0.114 
1.5 0.099 
2.0 0.090 
2.5 0.089 
3.0 _ 
3.5 _ 
9.25 
8.719 
8.320 
8.031 
7.781 
7.531 
0.25 
0.156 
0.117 
0.094 
0.094 
0.094 
9.25 9.25 9.25 
8.71 8.727 8.722 
8.34 8.356 8.351 
8.03 8.048 8.045 
7.76 7.778 7.776 
7.52 7.533 7.532 
7.29 7.307 7.304 
7.08 7.095 7.093 
0.25 0.25 0.25 
0.15 0.151 0.147 
0.11 0.118 0.121 
0.10 0.100 0.096 
0.09 0.089 0.087 
0.08 0.080 0.079 
0.07 0.074 0.074 
0.07 0.069 0.066 
* All four sets of results are taken from [4]. 
Because of the symmetry of the problem, it would be sufficient to work in the first quadrant, 
but this implies a zero flux along the axis 6’,, = 0 and 0, = &r so that we introduce the additional 
boundary condition i3r/an = 0 on this axis. 
To make this comparison valuable, we have selected 6~ = &, 68 = &IT and 6t = 0.01. The 
initial anode surface is considered as r = 9.25 + 0.25 sin 28 to be a small perturbation on the 
circle with radius 9.25 and cathode by r = 10. The cathode potential is taken as u = - 1. 
The numerical results have been compared with those obtained both numerically and using 
perturbation methods in [2] and also with those of [3] using enthalpy and [4] using the elliptic 
variational inequality. The results are shown in Table 1. As can be seen, the values obtained from 
the present method are very near to those due to earlier authors, also reasonable results were 
obtained for the amplitude of oscillation as long as the amplitude was of the same order as the 
mesh size. 
However, Christiansen and Rasmussen [2] formulated the potential problem as an integral 
equation for au/an on the electrode surface and this equation was solved numerically and an 
explicit Euler discretization of the moving boundary gave the new anode surface. But it was 
found that the second-order end-on difference formula used to approximate the normal deriva- 
tive at the moving boundary sometimes gave the wrong sign for au/&r when this quantity was 
small and resulted in loss in accuracy and increase on the computational effort and time. No 
such problems were encountered here. Crowley [3] formulated this problem as an evolution 
equation on a fixed domain using generalized enthalpy. This equation was then discretized 
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implicitly in time. Elliott [4] used an elliptic variational inequality approach, after a change of 
variable, on the same problem; the radius of free surface for a given angle was obtained by 
quadratic extrapolation of the last positive mean points by using the observation u = u, = 0. 
Both Crowley and Elliott also make the point that this is not an ideal example for fixed 
domain methods as the amplitude of oscillations is small compared with attainable mesh size in 
the r direction. 
Moreover, in all these methods one thing is in common, i.e., that the time stepping procedure 
will affect the accuracy and efficiency of the numerical method in general. 
Our simple approach, however, predicts the average radius of the anode in the reasonable 
accuracy. Since no restrictions other than small perturbation are placed on the anode, the 
method remains useful for more realistic processes with tool and workpiece surfaces. On the 
other hand, it is worth noting that the boundary conditions given on the model problem are 
based on the assumption that the effect of overpotentials can be ignored. If they were taken into 
account, the boundary conditions could be written as current-dependent overpotentials. (Such 
expressions were used by some researchers for the smoothing of the surface irregularities on a 
plane anode.) It is interesting to see that this kind of boundary irregularities can easily be 
overcome by the use of our approach due to the nature of the use of the coordinate transforma- 
tion. But, in some cases, the necessity of the inclusion of the overpotential in the model problem 
only makes the solution process more complicated to the present case. 
In more broader sense, Boadway’s transformation technique could also easily be modified to 
permit flexibility in the distribution of grid points for more accurate representation of the 
differential equation. Moreover, the flexibility on the choice of. whichever the independent 
variable to be used as an independent variable, for example, shows the applicability of the 
transformation in any coordinate system regardless the geometry in question. 
Finally, in special, the formulation of the problem in the present form becomes computation- 
ally more economical in comparison to its predessors. (Unfortunately, we cannot give the 
comparisons of the efficiencies in terms of CPU-times due to lack of the values of the others.) 
Because since the movement of a point on an anode surface may not always be a radial line (as 
the contours of anode surface are not circles), the center of curvature and the radius of curvature 
for every point on each contour have to be computed for each time step by any other means. 
This should naturally increase the amount of computations tremendously and would therefore 
reduce the scope of the method. 
But, if the movements have been tracked along the fixed radial lines by the use of the present 
technique many interpolations (extrapolations) may be avoided and as a result more efficient 
approach can be obtained to the solution of the problems of this kind. Since the primary aim of 
this note is to demonstrate the idea, we have not felt it worthwhile to explore other aspects of the 
solution in relation to the more complicated examples. 
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